
Theoret. chim. Acta (Berl.) 4, 390--392 (t966) 

Inorganic Chemistry Laboratory, Oxford 

Lower Excited State Wavefunctions 

for some Conjugated Carbon Compounds - -  NPSO Method 

By 

P. B. EMPEDOCLES ¢¢ and J. W. LINNETT** 

"['he method of Non-Paired Spatial-Orbitals is applied to the excited states of three typical 
conjugated hydrocarbons, Benzene, Fulvene and Hexatriene. 

Die NPSO Methode wird auf die angeregten Zust~inde von drei typisehen konjugierten 
Kohlenwasserstoffen, Benzol, Fulven und Hexatrien angewandt. 

La m6thode des orbitales spatiales non-appari6es (NPSO) est appliqu6e aux 6tats exeit6s 
de trois hydroearbures conjugu~s typiques, soit le benz@ne, le fulv~ne et l'hexatribne. 

The application of the method of Non-Paired Spatial-Orbitals (NPSO) to 
conjugated hydrocarbons  is complicated by  the need to include adjustable para- 
meters in the wavefunction. Their values can only be determined rigorously by  
resort to  a laborious variational energy calculation. The present paper extends the 
work of  two previous papers [2, 3]. The a t t empt  is made to suggest ways in which 
the adjustable parameters  in the excited states wavefunetions m a y  be determined 
a priori. Indeed, if we are to make calculations at all on systems much bigger than  
naphthalene by  this method,  some such simplification is essential. 

I n  the NPSO method wavefunetions of the lower excited states are constructed 
from the same set of  spatial orbitals as are used for the ground states; only the 
spin combinat ion is changed. I t  is therefore analogous to the valence bond method.  
But  in some ways it has a wider significance because of the various ways in which 
the Exclusion Principle can affect the electron density. A parallet ease in atomic 
structure was considered by  S~VLL and LCw])IN [7]. They  used the Hylleraas- 
Eekar t  function : 

N 1 (i8 f8 '  @ i8 t 18) 

to  represent the ground state of the Helium atom, and a function:  

AT~ (is i s '  -- i s '  Is) 

to represent the aS excited state. This excited state is usually described by a 
wavefunetion based conventionally on is  and 2s spatial orbitals, but  SHULL and 
LOWDIN'S description neat ly  provides a lower energy. Extending the idea it might  
be profitable to write the ground state wavefunetion for li thium using three 
is- type orbitals with different exponents, is, i s '  and Is".  The same is t rue for the 
ground and excited states of any "different orbitals for different spins" (DODS) 
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function; (e.g. it could be applied to the Al ternant  Molecular Orbital approach).  
The electron distributions in ground and excited states are of  course, quite different, 
both  because of  the consequences of  the an t i symmet ry  requirement  on the tota l  
wavefunetion, and also, as far as the NPSO approach is concerned, because the 
variable parameters  assume different values. 

There are two independent  but  related problems with the NPSO method.  They  
are the determinat ion of  the spin combinat ion for min imum energy for any state, 
and the determinat ion of  the op t imum value of  the space constant/~ for tha t  state. 

I n  the present s tudy,  we have made a non-empirical calculation of  the wave- 
functions and energies of  the lower excited states of  fulvene and hexatriene, using 
the NPSO full spin-CI t reatment .  The figures for benzene have already been 
published [2]. We accept, for the moment  the limitations inherent in non-empirical 
calculations using the Goeppert-Mayer-Sklar approximation,  a l though some of  
these m a y  be part icularly drastic in calculations for excited states. A semi- 
empirical approach to these problems is made in another paper [4]. 

The energies of  the 1B~, SB1, and SA 1 excited states of  fulvene and of  the 
3Bu, SAg and 3Ag excited states of  hexatriene which have been calculated here are 
found to be below the energies est imated for these molecules in their ground 
states using the SCF-LCAO-MO t rea tment  of  t~OOTItAAN [5, 1]. A n y  discussion 
of  the spectrum in terms of  the SCF t rea tment  is consequently hard to justify, 
because both  ground and excited states are incorrectly located on the energy 
scale by  several electron volts. I t  did not seem worthwhile therefore to compare 
the results of  the present NPSO t rea tment  with those of  simpler approximate  
non-empirical t reatments .  

Table 1. Excitation energies/or fulvene and hexatriene calculated using the NPSO full spin-CI 
treatment and minimising the energies of each state with respect to k 

Fulvene Hexatriene 
State Excitation approx State Excitafion approx 

Energy k,.in Energy k.lin 
(eV) (eV) 

1A 1 (g. s.) (0.00) 4.2 lAg (g. s.) (0.00) 3.9 
1A 1 3.60 4.2 1A g 3.20 3.9 
~A 1 < t.7 3.8 SAg < 3.13 - -  
5A 1 4.80 4.0 SAg 4.90 3.6 
1B 1 i.79 3.7 1B~ 4.20 3.6 
3B 1 0.99 4.1 3B~ 1.31 3.9 
5B 1 - -  - -  5Bu 5.70 4.5 
7A 1 t0A7 any 7B~ 9.70 any 

For  fulvene and hexatriene the calculated energies of several lower excited 
states above tha t  of  the ground state are shown in Tab. i. I t  is seen tha t  with 
fulvene there are more low-lying energy levels than  for hexatriene, (or benzene [2]). 

For  the ground state we find tha t  the energy is a slowly varying function of  k, 
and of  the spin combination, and tha t  the value of  k which minimises the energy 
of the lowest excited levels, (those within 5 eV of the ground state), is always 
between 3.5 and 4.2. This is also found for benzene [2]. Consequently we m a y  
hope, as for benzene, to use an empirical value of 4.0 for all states wi thout  great  
loss of  accuracy in the calculation of excitation energies. 
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Methods  2 and 3 of the  previous  pape r  [3] have  been used to genera te  a single 
component  of the  spin combina t ion  to  represent  the  levels of  the  lower exci ted  
s ta te  ihnct ions  for benzene, fulvene and  hexat r iene .  

The spin pro jec t ion  opera to r  can be used in a s t r a igh t fo rward  w a y  to e l iminate  
the  unwan ted  par t s  from the  spin combina t ions  genera ted  b y  me thod  I.  Fo r  
example  wi th  benzene (see ref. [2] for defini t ion of symbols) ,  the  s ta r t ing  funct ions 
are : 

~ 6  "~- ~15 --  ~26 --  ~35 A2g 
q)6 - q)15 - q)26 ÷ ~3~ Blu (t) 
¢~ - ¢15 + qP26 - qP35 B2u • 

F o r  s ta tes  hav ing  o ther  symmetr ies ,  e.g. E~a, we m u s t  use a s ta r t ing  funct ion in 
which two pairs  of  ad j acen t  NPSOs  bear  the  same spin fnnction.  

Table 2. Energies o] excited ]unctions (in eV relative to 6 W3~) calculated using ~PSO lull spin- 
CI treatment, compared with that calculated using an ~NPSO ]unction with no adjustable para- 

meters 

State ~ull spin-CI Method 2 ~ethod 3 
for k = km~ 

Benzene 3B1~ -115.93 -~[15.57 - 115.86 
3E1~ -114.6i - -  -113.25 

Fulvene 3B 1 - l 16.34 - 114.16 - i i 4.39 
Hexatriene 3B~ - 99A1 - 98.35 - 98.45 

I n  order  to  use me thod  3 to const ruct  a t r ip le t  funct ion  for example ,  we use 
the  same s t a r t ing  funct ion (i).  F r o m  each t e rm a combina t ion  of de t e rminan t s  is 
genera ted  which is an t i symmet r i c  in  the  in terchange  of  all bu t  one pa i r  of  e lectrons 
in ad jacen t  NPSOs.  Tha t  is, as for the  g round  s ta te  [3], we choose the  m a x i m u m  
number  of  ad jacen t  pairs  to  give the  s ta te  of  lowest  energy for any  s y m m e t r y  
class. 

Some examples  of  the  energies of  lower exci ted  s ta te  funct ions ca lcula ted  in 
th is  w a y  are shown in Tab.  2. 

These resul ts  are somewha t  less accura te  t h a n  those for the  ground  s ta te ,  bu t  
the  order  of  the  p rob lem is much  greater .  I n  the  ~B 1 and  ~Bu s ta tes  of  fulvene and 
hexa t r iene  for example  nine ad jus t ab le  pa rame te r s  have  been fixed a priori .  This 
is p a r t  of  the  price ; loss of accuracy  is inevi tab le  i f  a complex funct ion  is to be 
d rawn  into  a s imple scheme which uses no ad jus t ab le  parameters .  However  i t  
should be possible to  improve  the  numer ica l  per formance  g rea t ly  b y  the careful  
use of  empir ica l  da ta .  
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